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VARIATIONAL PRINCIPLES IN
DYNAMIC THERMOVISCOELASTICITYt

SUBRATA MUKHERJEEt

Department of Applied Mechanics, Stanford University, Stanford, California 94305

Abstract-Dual variational principles for steady state wave propagation in three dimensional thermovisco­
elastic media are presented. The first one, for the equations of motion, involves only the complex displacement
function. The second principle is for the energy equation. These principles are specialized to the case of one
dimension. A one-dimensional example, that of wave propagation in a thermoviscoelastic rod insulated on its
lateral surface and driven by a sinusoidal stress at one end, is solved using the Rayleigh-Ritz method. The dis­
placement and temperature functions are expressed as series of polynomials. Successive approximations for the
solution are compared with a solution obtained by a method of finite differences. and an estimate of the degree
of accuracy as a function of the number of terms taken in the series is obtained. It is found that the approximate
solution converges rapidly to the correct one.

INTRODUCTION

SEVERAL authors have developed and used variational principles to obtain solutions ·to
problems in quasi-static and dynamic viscoelasticity, with and without thermomechanical
coupling. Gurtin [1] and Leitman [2] have developed variational principles for visco­
elastic media without thermomechanical coupling. They have used the convolution form
of the constitutive equations and have developed variational principles for several types of
boundary value problems. Their work appears to be primarily of mathematical interest.
Schapery [3, 4] also gives convolution variational principles with and without thermo­
mechanical coupling respectively. Valanis [5] has developed a principle applicable to
viscoelastic materials with constant Poisson's ratio, without thermomechanical coupling.

Schapery [8, 9] has studied vibration of viscoelastic media with thermomechanical
coupling. In [9] he has used a complex modulus form of the constitutive equations and
has developed a variational principle analogous to Reissner's complementary principle
using complex kinetic and potential "energy" functions. His principle involves both stress
and displacement functions which must a priori satisfy the equations of motion. He has
considered examples with bodies that are either massless or with concentrated mass, and
in his last example of a "solid cylinder with distributed mass" he only gives a first ap­
proximation to the solution, using only one term of a series expansion. While his method
appears promising, the question of convergence to the exact solution, or, in other words,
how many terms in the series are necessary to get a sufficiently close approximation to
the exact solution, remains open:

t This Research was supported by Contract No. NOOO14·67-A-0112-0060 of the Office of Naval Research.
Washington D.C.

t Graduate Student and Research Assistant: currently Consultant. Cartridge Television Inc. 1080 North 7th.
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This paper is concerned with the application of variational principles to problems of
steady state wave propagation in viscoelastic media with thermomechanical coupling. A
complex modulus description of the constitutive equations is used. The material is assumed
to be thermorheologically simple [7] and the energy equation, as suggested by Schapery
[9], uses the cycle averaged temperature distribution with the cycle averaged value of the
Rayleigh dissipation function acting as the heat source. The displacement variational
principle suggested here involves only the complex displacement function and an ad­
missible set of displacement functions need only satisfy any prescribed displacement
boundary conditions that might exist. This principle can be considered to be an extension
of that developed by Kohn, Krumhansl and Lee [6] for elastic media. It uses complex
instead of real "energy" functions. The temperature variational principle is the one
suggested by Biot [10] and Schapery [9].

An alternative form of these principles is suggested. This proves more useful for certain
applications. These principles are set up for general three-dimensional problems and are
later specialized to the case of one dimension.

As an example, the problem of steady state longitudinal waves in a viscoelastic rod
with thermal coupling subjected to a sinusoidal stress applied at one end, is solved using
a variational approach. Huang and Lee [11] solved this problem including time as an
independent variable. This resulted in partial differential equations which were solved
numerically using a method of finite differences. This is useful if the time histories of the
stress and temperature have to be determined. For many engineering design applications,
however, the steady state values of stress and temperature are of primary interest, since
due to dissipation of mechanical energy the temperature increases until a steady state is
reached, if in (act the situation is stable. Such a steady state yields the most severe tem­
perature conditions which are the major concern in design. In such cases it is simpler and
far more efficient to obtain the steady state values directly instead of following the complete
time history of the process till a steady state is reached. In this example, the steady state
values of stress and temperature have been directly obtained by using a Rayleigh-Ritz
procedure on the alternative form of the variational principles. Functions for displace­
ment (complex) and temperature are assumed as polynomial series (for convenience) with.
"n" and "m" terms respectively, with unknown coefficients. Simultaneous extremization
of two functionals is carried out by solving the resultant nonlinear algebraic equations in
a computer. The number of terms Un" and "m" can be set in the program. Calculations
for a Lockheed solid propellant [8, 11] are carried out for various values for un" and
"m" and the question of rapidity of convergence to the solution given in [11] is discussed.

GOVERNING DIFFERENTIAL EQUATIONS

1. General equations in three dimensions

Let us consider the governing differential equations for stresses, displacements and
temperature in steady state oscillations of linear isotropic viscoelastic media. The thermo­
mechanical coupling is caused by the cycle averaged value of the mechanical dissipation
function acting as the heat source in the energy equation and by the fact that the complex
viscoelastic modulii are temperature dependent. As pointed out by Schapery [8, 9] the
coupling terms due to the dilatation and potential energy drop out of the energy equation
if it is integrated over a cycle.



Variational principles in dynamic thennoviscoelasticity 1303

We assume steady state conditions where the mechanical variables are harmonic
functions of time, and the temperature, after a sufficiently long time, is independent of
time. Strictly speaking, the temperature is never truly time independent but has small
cyclic variations about a mean value as a result of the cyclic variations of the potential
energy, dilatation and dissipation (see [11]). These small fluctuations, however, will be
neglected and henceforth the temperature will mean its cycle averaged steady state value.

Let the stress and strain tensors and the displacement vector be defined as the real
parts of

.. acot
Bij = B;j e

Ui = u;eiwt

(1)

where i = J( -1), W is the frequency (real) and t is time. The complex quantities aij , Bij

and Uj are used most of the time in further calculations and will be referred to as simply
stress, strain and displacement respectively. The familiar cartesian tensor notation is used
here. The suffixes i and j range from 1 to 3 and a repeated index implies summation over
that index.

The equations of motion are

(2)

where p is the mass density (assumed constant).
The constitutive equations, using the familiar complex modulus formulation, are

(3)

where;'* and Jl* are complex Lame parameters which are functions of temperature, and
(jij is the Kronecker delta.

The Lame parameters are related to the more commonly used complex shear and
bulk compliances J* and B* by the relations

(4)
1 2

).* = B* - 3J*'

Typically, in polymers, for temperatures above the glass transition temperature, J*
is a very strong nonlinear function of temperature while B* is a relatively weak function
of temperature.

In thermorheologically simple materials it is assumed that J* is a function of only
the reduced frequency w' which is related to the actual frequency w through the tem­
perature dependent shift factor aT (see [9]), i.e.

W' = wa.,.(T)

where aT represents the effect of temperature on viscosity.

(5)
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Combining equations (2) and (3) one can write the equations of motion in terms of
displacement alone

(A.*Ut.J,i + (p.*Ui,),j + (Jl*Uj),j + PW2Uj = O. (6)

The steady state energy equation for the cycle averaged temperature distribution is
given by

KT. ii = - 2D (7)

where T is the temperature, K is the thermal conductivity (assumed constant) and D is
the cycle averaged value of the Rayleigh dissipation function given by

D = .: f+ 2

J</w Re(uij) Re(~~~) dt'

where Re denotes the real part of the complex argument. 2D is the cycle averaged value
of the mechanical dissipation.

Using equations (1), (3) and (7) and after carrying out the necessary integration, we
have

(8)

where

,1,* = ,1,1 + iA.2

Jl* = Jll +iJl2

,1,1 and Jll are the storage Lame parameters and A,2' Jl2 the loss parameters,

Ieul 2
= etkBjj

/e i)2 = eiAj

and "-" denotes the complex conjugate.
Note that as defined D is a real function of the strain tensor and the loss parameters

A,2 and Jl2'
Using the familiar kinematic relations

e·· = 12(u ..+u ..)
I] t,) ),1

we can write equation (7) in terms of displacement and temperature

(9)

(10)KT.ii+I[A,2Iuuj2+Jl2(Ui,jUi,j+Ui.}4j.i)] = O.

Equations (6) and (10) are a complete set of four nonlinear partial differential equations
for the four unknowns Uj (i = 1,3) and T. Since these are written in terms of displacements,
the compatibility conditions are automatically satisfied.

For the boundary conditions we assume that the displacement vector is prescribed on
:l part of the surface All' while the traction vector is prescribed on the remainder A". Also,
the temperature is prescribed on the portion of the surface AT and the heat flux (per unit
area) is prescribed on the remaining surface A B •
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VARIATIONAL PRINCIPLES
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1. Variational principles in three dimensions

The field equations (6) and (10) for the coupled thermomechanical problem together
with the boundary conditions are equivalent to two variational principles.

The variational principle for the equations of motion and the constitutive equations
(2) and (3) can be stated as: of all displacement functions U j satisfying prescribed displace­
ments Uj on All' the displacement function satisfying the equations of motion (2), the
constitutive equations (3) and the traction boundary condition on A" is determined by

~{L (Uv-Kv)dV-t.. UiUijnjdA} = 0 (11)

where Uv and K v are analogous to the elastic strain energy density and kinetic energy
density and are given by

Gijnj = prescribed traction on A"
nj = direction cosines of the outward unit normal to the surface A"

b means that the variations must be taken with respect to the displacement function only.
U

If the kinematic equations (10) are also satisfied (i.e., we define strain functions to
satisfy equation (to)), we can write

),*
Uv = T(f.kk)2+ J1*f. i}.c:ij'

This variational principle is analogous to Hamilton's principle in dynamic elasticity.
Comparing equation (11) with the variational'principle given by Schapery in [9J we

see that here we can choose trial functions for the displacement which need only satisfy
the displacement boundary conditions of the problem whereas in [9J Schapery must choose
displacement and stress functions which must a priori satisfy the equations of motion. In
many cases (e.g. when displacements are prescribed over the entire boundary, Le. A" = 0)
this principle appears more powerful than Schapery's, since at least the same degree of
accuracy in the solution can possibly be achieved with an equal number of terms in the
two cases, with the definite advantage of not having to satisfy, a priori, the equations of
motion. In other cases the situation is less clear and further study regarding the relative
merits of the two principles seems necessary.

The variational principle can be proved by carrying out variations with respect to the
function Ui to yield

-1 {(A*Ukk) .+(J1*U..) .+(J1*U ..) -+pw2u.} bu·dV, ,1 t.} .J ),1 ,J I I

Y

+f {/,*Uk kb.. +J1*(U . .+u· .) - U· .}n ·bu· dA = O.• '} ',} },I I}} ,

A ..

(12)
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In view of the arbitrariness of <5ujo this expression equals zero only if the equations of
motion (2), the constitutive equations (3), and the traction boundary conditions on A..
are satisfied.

If we restrict the admissible class of displacement functions such that the boundary
conditions for both the displacements on Au and traction on A.. (through equation 3) are
satisfied, the surface integral drops out of equation (12) and we are left with a simplified
form of the principle.

Equation (12) can be considered to be an alternative form of the variational principle
(11).

It is useful to compare the relative advantages of the two forms. Equation (11) uses
energy invariants and therefore appears more convenient in complicated coordinate
systems. However, when carrying out a Rayleigh-Ritz method of solution, use of equation
(12) can save a large amount of calculations since the variations have already been carried
out.

It must be remembered that A.* and )1.* are temperature dependent and in order to get
the temperature field we require another variational principle from the energy equation.
This can be stated as follows: of all temperature distributions which satisfy prescribed
t on AT' the temperature distribution which also satisfies the energy equation (7) and the
heat flow boundary condition on An is determined by

:{Sv (ST-SAt)dV+ tH HTdA} = 0 (13)

where ST is proportional to the entropy production density resulting from temperature
gradients (see [7])

ST = fKT.iT. i

and SAt is the integral of the mechanical dissipation

SAt = 2 fT D dT'

f:J = prescribed heat flux per unit area out of the body.

~ means the variations must be taken with respect to the temperature only;

D is as given by equations (7) and (10).
This principle can be proved by taking variations with respect to T to yield

- ( (2D +KT. li) <5T dV+f (KT.ini +H) <5T dA = O.
Jy AH

(14)

In view of the arbitrariness of <5 T, this expression is zero only if the energy equation (10)
and the heat flow boundary condition on An is satisfied.

If we restrict the admissible class of temperature functions such that the boundary
conditions for both the temperature on AT and heat flow on An are satisfied, the surface
integral drops out of equation (14). Equation (14) is an alternative form of the variational
principle (13). Equation (13) uses thermodynamic invariants and the comments made
earlier about the two forms of the variational principle for the equations of motion apply
here too.
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The variational principles for displacement and temperature equations (11) and (13)
are entirely equivalent to the field equations (2), (3) and (10), with their associated boundary
conditions. The displacement and temperature functions can be obtained by simultaneously
making the appropriate integrals stationary with respect to displacement and temperature
respectively. The first equation (11) could be regarded as getting a stationary "cost"
function, and the second (13) as a constraint, or vice versa.

AN EXAMPLE IN ONE DIMENSION

1. The problem

The problem of steady state longitudinal waves in a viscoelastic rod with thermo­
mechanical coupling is now solved using the one dimensional versions of the variational
principles presented in the previous section. A Rayleigh-Ritz procedure is used on the
alternative forms of the variational principles. The same problem, including time de­
pendence, was solved by Huang and Lee [l1J using a finite difference approach. The
results obtained here are compared with some steady state results given in [11]. The
question of how convergence to the solution given in [IIJ depends on the number of co­
ordinate functions used is discussed.

x=o

0- =0

~=C(T-T.)

FIG. 1.

x=t

Re(c-)=~coswt

T=T.

x=O

Let us consider a viscoelastic rod of length I insulated on its lateral surface as shown
in Fig. 1. The left end is free while the right end is vibrated at a frequency w with a stress
amplitude q 0 (real), so that the prescribed stress at this end is q 0 cos rot. The temperature
of the vibrator is assumed constant at To while a radiation boundary condition is assumed
at x = O.

The boundary conditions can therefore be written as

q=O

x=l

dT- = c(T-To)
dx (15)

T= To

where c = hiK is the ratio of the surface conductance h to the thermal conductivity K of
the viscoelastic material. Note that the problems of uniform normal or shear traction on
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(18)

(19)

the surface of a wide slab with the stated thermal boundary conditions prescribed on the
slab surface are mathematically equivalent problems. Note also that here we have mixed
thermal boundary conditions but this can be taken care of in the variational principle as
shown later.

2. The field equations and variational principles
The equations of motion (2) and the constitutive equations (3) reduce to

5!.(E* dU) +poo2U= 0 (16)
dx dx

where E* = E1 +iE2 is the complex Young's modulus which is a function of the tem­
perature through the reduced frequency (see equation 5).

The steady state energy equation becomes

d
2
T 00 !dU/'2K-+-E2 - =0

dx2 2 dx

where, as before,

I
dul2 = du dii
dx dx dx'

Note that for the one-dimensional strain problem, E* must be replaced by A• +2J.l·
and E2 by A2 +2J.l2'

The corresponding variational principle for displacement becomes (see equation 11)

~{{ [-~*(::r+poo;u
2

] dX+~oU(I)} = o.

If the admissible claSs of displacement functions is restricted such that the stress
boundary conditions are already satisfied (through equation 17), the alternative form of
the variational principle takes the simplified form

f~{:x(E* ::) + poo2U} ~u dx = O. (20)

The temperature variational principle takes the form: of all temperature distributions
which satisfy T(l) = To, the temperature distribution which also satisfies the energy
equation (18) and the radiation boundary condition at x = 0 (see equation 15) is deter­
mined from

*{{ (~K(~~r -JT OOE~(T')I::r dT') dX+h(~2 -TTot=o} = o. (21)

The last term in the above expression comes about since we now have a radiation
boundary condition instead of prescribed heat flux at x = O.

As before, if the temperature is chosen such that both the temperature and radiation
boundary conditions (at x = I and at x = 0) are already satisfied, the temperature can
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(23)

f~ (K~:~ + W~21::n oTdx = O. (22)

Equations (20) and (22) are used in further calculations in this section. The object is
to find the spatial distribution of temperature, displacement and then stress.

3. The properties of the material

A Lockheed solid propellant is an example of a thermorheologically simple material,
in which, over a wide reduced frequency range, we can express the tensile compliance
D* = l/E* by the following empirical formulae (see [8, 11])

D* = D t -iD 2

Dt = ctwP(T- TtY

D 2 = c2wp(T - TtY

where c t , c2 , {3, y, Tt are constants.

4. Method of solution

The Rayleigh-Ritz procedure [13] is now used to obtain approximate solutions for
the temperature and displacement (and then stress) functions from the variational
equations (20) and (22).

The following dimensionless quantities are used

x
q = I'

T-Tt
T=r,_T'

o t
x = cl. (24)

Equations (20) and (22) are nonlinear and it is not possible to choose an orthogonal
set of coordinate functions for the displacement and temperature. For convenience, it is
assumed that the displacement and temperature distributions can be approximated by a
linear combination of polynomials with coefficients to be determined. These functions are
chosen such that they satisfy the boundary conditions (equation 15) for all choices of
these unknown coefficients. Also, the number of terms in the series are parameters which
can be set in the resulting algebraic equations for the coefficients. This enables comparison
of successive approximations with the solution in [11] and thus an estimate of the degree
of accuracy as a function of the number of terms taken is obtained.

The nondimensional temperature is written as

r(q) = 1+(1-Q){bo+etboQ+q2 i~ b~1_Q)i-2} (25)

where e t = X+ 1, m is a parameter and bo, b2, b3 .•. bm are m real constants that are to be
determined (m < 2 implies L~", 2 == 0).

It is easily seen that the thermal boundary conditions from equation (15) are satisfied
in terms of the nondimensional'variables defined in equation (24).

The complex strain is written as

du n .

e = et +ie2 = - = Q L a j(l-q)'
dx j",O

(26)
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(27)

(28)

ao = ag+ia~ = D*lq .. tO'o = (c t -ic2)a1(To-Tt )YO'o

n is a parameter and at, a2' a3 ••• a" are n complex constants that are to be determined.
As before, it is obvious that with this choice of strain, the stress boundary conditions

from equation (15) are satisfied.
Writing at =af + i'" (k = 1, n) this choice of function leads to (2n + m) real unknowns

which must be determined from an equal number of algebraic equations.
These nonlinear algebraic equations are now determined from the variational

equations (20) and (22). Substituting the displacement and temperature expressions into
equation (20) carrying out the necessary integrations and equating the coefficients of
<5dJ (j = I, n)to zero gives for j = 1, 2, 3, ... , n

2 n

(j+ 1)(j+2)(j+ 3)+t~O afd[f(j, k) - l(j, k + I)]

n (a:ag+aia~)
- L I /2 (Il;+j-2It + j+t +Il;+j+2) = 0

k=O ao
and equating the coefficients of <5aJ (j = 1, n) to zero gives for j = 1,2,3, ... n

~ 1 [I' . k ] ~ ("'ag-afa~) 2 0£.. atd (j,k)-f(j, +1) - £.. I 12 (Il;+j- Il;+j+ t + Il;+j+ 2) =
t ..o k=O ao

w.here Ip (p an integer) is a nonlinear function of et, bo, b2 , b3 , .•• , b", defined as

I = it (l-q)pdq
p 0 {I +(I-q)[bo+etboq+q2 L~=2 bD _q)i- 2W

f(j, k) is a function of integers

f . k _ k(k+j+4)+(k+2)(j+3)
(j, ) - (j+2)(j+3)(k+l)(k+2)(k+j+3)(k+j+4)

d is a nondimensional parameter

and

laol2 = (ag)2 +(a~)2.

Note that equation (20) requires the displacement u in addition to the strain. Integration
of equation (26) leads to an extra constant, say Co, but also an extra equation obtained by
equating the coefficient of bco to zero. This extra constant Co has been eliminated from
equations (27) and (28) given above.

Next, substituting the displacement and temperature expressions into equation (22)
and equating the coefficient of bbo to zero gives

(3+e t )et bo m II

3 L bt(gk- t - 2gt +gl;+ t) + V L [(afar + tltaf)
t"2 i.t=O
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and equating the coefficients of bbj (j = 2, m) to zero gives for j = 2,3,4 ... m

1311

j(j+ 1)(j+2)

m

L bk[h(j,k-1)-2h(j,k)+h(j,k+1)J
k=2

"
+ V L (afaf+a~ar){Ii+j+k-1-4Ii+j+k+6Ii+j+k+1

i.k=O

(30)

where gk and h(j, k) are given by

(k+ 1+e 1)(k-1)
gk= (k+1)

. 2k(k-1)
h(j, k) = (k+j)(k+j-1)(k+j-2)

V is the nondimensional parameter

-12c
2
(To- T1)-1- 1W1-P

V - ---=--:;----;;c----
- 2K(d+cn

and I p has been defined before in equation (28).
Equations (27), (28), (29) and (30) constitute a set of (2n+m) nonlinear algebraic

equations for the (2n+m) unknowns a: (k = 1, n), ar (k = 1, n), bo and bk (k = 2, m).
The stresses are determined from the strains and temperature from

(11 = E 1e1-E 2e2

(12 = E28 1 +E 1e2

and the stress at any time

Re(8'(x, t)) = Re((1 eiCOf
) = (11 cos wt-(12 sin wt.

These equations follow immediately from equation (17).
Nondimensional stresses Sl and S2 are defined as .

(31)

(32)

and at x = I

where

(33)

5. Results and conclusions

Numerical calculations have been carried out for the following data for a Lockheed
solid propellant [l1J whose mechanical and thermal properties are qualitatively typical



1312

of many viscoelastic solids
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C1 = 4.61 X 10- 11 (psi)-I (sect (OF)-Y

Cz = l.62 X 10- 11 (psi)- ~ (sec)fJ (OF)-Y

fJ = -0.214 y = 3.21

x = l.0t To = 65°F

T1 = -125°f I = 3 in.

[2p = 1.023 x 10-4 psi-secz

2Kp(To-1;) = 8.08 X 10-4 psP"sec

OJ = lQ4 rad/sec. So = 0.5 (<To = 1.42 psi).

The nonlinear algebraic equations (27-30) were solved numerically in an IBM 360/67
computer for different values of nand m. The subroutine used is given in [16]. The method
is a compromise between the Newton-Raphson algorithm and the method of steepest
descent. The average execution time per run was of the order of thirty seconds. Con­
vergence was rapid and no jump instabilities of the type described by Schapery in [9] were
found.

Figures 2-4 show the resulting r, s1 and S2 distributions for different values of n and m
and also the solution from [11] obtained by the method of finite differences. The solution
for n = 1, m = 0 is crude but we see that the convergence to the true solution is very rapid.
Figures 5-7 show the approximate solutions for n = 4, m = 3. Even with these relatively
small number of terms, the stress solutions are practically identical to those given in [11],

1.16
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1.08
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1.06
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ft_' "'"
ft _, "'- 2
ft -2 11I-2
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,
"1.04

1.02
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t In (11JIt should read 1·0 instead of 0-1.
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while the temperature solution is well within engineering accuracy. The algorithm for
solving the nonlinear algebraic equations converges very quickly and more accurate
solutions can be obtained, if desired, by taking larger values of nand m.

As mentioned earlier, if the steady state values of stress and temperature are of interest
(this is often the case in design), the method used here, which yields the steady state directly,
is superior to that used by Huang and Lee in [11] where the complete time histories of the
above mentioned quantities were determined. In some cases in [11] the authors obtained

0.5

0.4

0.3

0.2

frOIll[.")
.'3 "'.31
"*3 m•. 2~
n-2 ... -Z
ft_1 ",aO

0.\

0.2

0.1

Sa( q)
o~lIIoi!!!EpiIWoIl",-=---.---..----.---...--r----..----:1'

".Q.I 0.2 0.4 0.5 0.6 0.7 0.8 0.9/:~ 1.0
q ..... " ,~/

", './"

.... ;.. ......
~-...-.....-.::-:;...

FIG. 4.



1314 SUBltATAM~
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the steady state solutions by numerically integrating forward in time till the variables of
interest did not change significantly. In other cases, they did not integrate up to the steady
state but stopped at some large value of time.

The results obtained are thus very satisfactory as long as S1 and S2 are sufficiently
smooth functions so that approximation by a series of polynomials is efficient. The nature
of the spatial distribution of stress depends upon the particular choice of frequency and
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driving stress. For a given driving frequency, larger driving stresses lead to larger tem­
peratures since more mechanical energy is dissipated as heat. This causes the material
to become softer, so that lower stress wave velocities and therefore lower wave lengths
result. If s1 and s2 are rapidly oscillating functions of q, the polynomial series is no longer
efficient since a larger number ofterms must be taken to get the required accuracy and the
lack of orthogonality of the polynomials gives rise to Hilbert matrices. This results in con­
vergence problems for the algorithm used to solve the algebraic equations. The variational
principles, however, should work fine for these cases, if, for example, trigonometric
functions are chosen instead.

To sum up, the variational approach seems comparable to the finite difference approach
for waves in one dimension and ought to be more efficient in two or three dimensions
where the differential equations are partial and finite difference simulation becomes much
more complicated~ Solving for displacements instead of stresses has the advantage of
automatic satisfaction of compatibility conditions and Mitchell's equations for multiply
connected regions. The choice of coordinate functions is very important and must be
made carefully.
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A6cTpeKT-LlaIOTcR .lI.BoiiKWe sapHauMoHKwe npHHUHllbl .lI.lIll CTaUH0t!apHoro pacnpOCTpaKeHHR 80JlK 8
Tpexpa3McpHblX TepM08R"JKoynpyrKx cpc.lI.ax. ncpsblll npHKUHn, KaCalOWHllcR ypaBHCKHii .lI.BHICCHHR.
JaKnlO'IaeT TOnbKO KOMllJJeKCHYIO If!YHKllHIO I1cpeMeWeHHll. BTopOIl cnyllCHT .llJ111 yp8BHCHHll 3HcpnlH. 3TH
npHHQMnW npMcnoco6nHllllOTCli K cny'lalO O.D.KOp83McpHoro Te.na. Ha OCHOae MeTO,l1a P:mell-PMTQa
pCWaeTCli OllHOP83MCPHWA cnY'Iall paCnpocTpaHe.HHll aonHw B TepMoB1l3KoynpyrOM CTCplKHC, KOTOpblA
H"JJlHPOBaH caoeA 6oltoaoA noaepXHOCTH H HaXO,llMTCli J10.D. BnMllHMCM CHHycOH.D.llIIbHOrO HanplllKCHHR Ha
O,llHOM ICOHQC. 4>YHKQMH nepeMCWCHHA HTeMncparypbl npe,llCTaIJJlCHbl 8 8M.lI.C Pll.ll.08 nOJlMHOM08. CpaBHH­
BaIOTCli J1ocne.a:OBaTeJIbMWC npH5nHlICCHMll .lI.J111 peWCHHll. J10nY'iCHHOrO BblWC C peWCHHeM B ICOHC'IHblX
palHOCTliX. nOJlY'l8CTCli oucnKa CTCnCHH TO'lKOCTH, B BH,llC If!YHkUHH '!Hcna 'fJlCHOB Pll.ll.OB. HaXO.ll.HTCli.
'ITO npM5nMllCCHHoe peweHHC CXOl1HTCli 6blCTPO JC TO'!JlOMy.


